An analytical solution to a debris avalanche problem in the one dimensional topography-linked coordinate system was found by Mangeney, Heinrich, and Roche [Pure Appl. Geophys., 157:1081-1096 , 2000 . We derive an analytical solution to a debris avalanche problem in the standard Cartesian coordinate system. Characteristics and a transformation technique obtain the analytical solution. This analytical solution is used to test finite volume methods with reconstruction of the conserved quantities based on: either stage, height, and velocity; or stage, height, and momentum. Numerical tests show that the finite volume method with reconstruction based on stage, height, and momentum is slightly more accurate in solving the debris avalanche problem.
Introduction
We present an analytical solution to a debris avalanche problem (model) based on the Saint-Venant approach. Using the Saint-Venant approach implies that debris is treated as a depth averaged fluid. We use this analytical solution as a benchmark to assess two finite volume methods applied to the model. The considered problem is a simplification of real world scenarios on the avalanches of debris, such as snow, sands, rocks, as well as landslides. In other words, our work can be applied to these real world scenarios.
Three problems are considered. The first is the dam break problem in the standard Cartesian coordinate system having initial condition shown in Figure 1 (a). This problem was solved by Ritter [8] . The second is the debris avalanche problem in the topography-linked coordinate system having initial condition illustrated in Figure 1 (b). Mangeney et al. [5] proposed a solution to this problem. The third is the debris avalanche problem in the standard Cartesian coordinate system having initial condition shown in Figure 1 (c). This third problem is the one we solve in this article.
Saint-Venant models
We review the Saint-Venant model in the standard Cartesian coordinate system and the Saint-Venant model in the topography-linked coordinate system.
In the standard Cartesian coordinate system, the mass and momentum C352 differential equations governing the fluid motion are
These two equations are called the Saint-Venant model in the standard Cartesian coordinate system. Here, x represents the one dimensional spatial variable, t represents the time variable, u = u(x, t) denotes the fluid velocity, h = h(x, t) denotes the fluid height (depth), z = z(x) is the topography (bed), g is the acceleration due to the gravity, and F is a factor representing a Coulomb-type friction. Note that we consider z x = tan θ , where θ is the angle between the topography and the horizontal line; tan θ is called the bed slope, while θ is called the bed angle. Equations (1) and (2) can be solved using the characteristic relations [9] C + :
in which the Riemann invariants k ± are
where c = √ gh and m = −g tan θ + F .
The Saint-Venant model in the topography-linked coordinate system is
We use a tilde notation to identify variables in the topography-linked coordinate system. Equations (6) and (7) can be solved using characteristic relationsC
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in which the Riemann invariantsk ± arẽ
wherec = gh cos θ andm = −g sin θ +F .
Existing solutions
We review Ritter's solution to the dam break problem [8] and the solution due to Mangeney, Heinrich, and Roche for the debris avalanche problem [5] .
Consider the dam break problem without friction on a horizontal bed in the standard Cartesian coordinate system given in Figure 1 (a). This problem was solved analytically by Ritter [8] and Stoker [9] . Ritter's solution is
for −2c 0 t x c 0 t , where c 0 = √ gh 0 .
Mangeney, Heinrich, and Roche (mhr) [5] derived an analytical solution to the debris avalanche problem with friction in the topography-linked coordinate system, as shown in Figure 1 (b). The mhr solution is
This solution is defined on the interval −2c 0 t + 1 2m t 2 <x <c 0 t + 1 2m t 2 , wherem = −g sin θ +F andc 0 = gh 0 cos θ .
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A new solution
This section derives an analytical solution to the debris avalanche problem in the standard Cartesian coordinate system using two methods, namely, the method of characteristics and a transformation technique.
Although the equations corresponding to the topography-linked coordinate system allow large bottom slopes, due to the initial condition used by Mangeney et al. [5] , the mhr solution is accurate for mild slopes only. For steep slopes, soon after the wall given in Figure 1 (b) is removed, some material around point T 1 would fall down and collapse with some material from around point O moving to the left. This supports the contention that the mhr solution is not accurate for steep slopes.
Here, we derive an analytical solution to a debris avalanche problem with a vertical wall on a sloping topography, as shown in Figure 1 (c) in the standard Cartesian coordinate system. Our analytical solution is valid for small slopes only due to the Saint-Venant approach. However, the initial condition that we use involves a vertical wall, which is physically more realistic as it is more similar to some real world scenarios [1] than the problem considered by Mangeney et al. [5] . Our derivation utilises properties of the characteristics and follows closely the derivations of Mangeney et al. [5] and Stoker [9] .
The debris avalanche (motion) at time t > 0 consists of three zones: zone I is dry (debris free); zone II has a quadratic free surface; and zone III has a linear free surface. This is illustrated in Figure 2 . After the wall is removed, the fluid in zone III moves with an acceleration a. To be consistent with the approximate nature of our basic equations (1) and (2) for shallow waves (consult the explanation of Dressler [3] ), we take the horizontal acceleration a = m .
On the rightmost characteristic curve C + emanating from the origin, we have a velocity u = at and relative wave speed c 0 = √ gh 0 . So, at any point N on that curve, we have a velocity u = at N and relative wave speed c = c 0 where Since k − is constant along characteristic curve C − passing through points M and N, and we have a = m , the velocity at point M is
where t M is rewritten as t for simplicity. The slope
C356 is the slope of each characteristic curve C + in the rarefaction fan. Since k + is constant along each curve defined by dx/dt = u + c and since the velocity u is given by (13), the relative wave speed c is constant along each curve in the rarefaction fan. As a result, equation (14) can be integrated to get
that is,
Substituting (15) into (13), we obtain u = 2 3
The fluid height must be nonnegative, so c 0 , and from (15) we get x −2c 0 t + 1 2 mt 2 . This implies that the tract of the front wave is x = −2c 0 t + 1 2 mt 2 . The tail wave follows the rightmost characteristic curve C + emanating from the origin, and satisfies dx/dt = u + c = at + c 0 . Integrating this differential equation and using a = m , we find that the tract of the tail wave is x = c 0 t + 1 2 mt 2 .
In summary, the analytical solution to the debris avalanche problem is (17) and (16) for −2c 0 t + Alternatively, we derive (17) and (16) using a transformation as follows. Substituting the new variables [3, 5] 
into (1) and (2), we obtain 
then the solution to (1) and (2) is u(x, t) = υ (ξ, t) + mt and h(x, t) = H (ξ, t) .
Employing this transformation together with Ritter's solution (11) given in Section 3, we get the solution (17) and (16).
Numerical tests
This section utilises our analytical solution to test a finite volume method (fvm) used to solve the Saint-Venant model.
Audusse et al. [2] established that in order to resolve the solution accurately at wet/dry interfaces, and to ensure that the fvm is well-balanced, stage w := h + z and height h should be reconstructed. Therefore, here two methods with reconstruction based on stage w and height h are considered. We compare the performance of Method A (the fvm with reconstruction based on stage w, height h, and velocity u) to that of Method B (the fvm with reconstruction based on stage w, height h, and momentum p = hu) in solving the debris avalanche problem.
Recall that Mangeney et al. [5] applied the Coulomb-type friction law
in which δ is a specified dynamic friction angle. We call tan δ the friction slope. Following Mangeney et al. [5] , we limit our discussion to the case when the friction slope is not larger than the bed slope, that is, tan δ tan θ . This leads to sgn(u) = sgn(ũ) = −1 for t > 0 . Then the horizontal component F 
ofF, which is taken as a definition of the friction in the standard Cartesian coordinate system, is
for t > 0 . Based on (23), at t = 0 , we have F = 0 because of the zero velocity.
In all simulations, the specification follows from our previous work [6] , except for the initial fluid height h 0 . We use the well-balanced finite volume scheme proposed by Audusse et al. [2] and extended by Noelle et al. [7] with the second order source, second order spatial, and second order temporal discretisations. Note that the discretisation of the friction term hF included in the source at the ith cell is h i F, where h i is the value of the numerical height at the centroid of the cell and F is as in (24). The central upwind flux formulation proposed by Kurganov, Noelle, and Petrova [4] is used to compute the numerical fluxes. Table 1 gives details of the numerical settings.
We assumed that tan δ tan θ . Consequently, we have three possible test cases: 0 = tan δ = tan θ ; 0 = tan δ < tan θ ; and 0 < tan δ tan θ . One representative of each case is considered. First, we test the numerical methods for a problem with friction slope tan δ = 0 and bed slope tan θ = 0 . The errors for stage w and momentum p with various number of cells are presented in Table 2 . Second, we consider a problem with friction slope tan δ = 0 and bed slope tan θ = 0.1 . The errors for stage w and momentum p with various number of cells are presented in Table 3 . Finally, for the third case we consider a problem with friction slope tan δ = 0.05 and bed slope tan θ = 0.1 . The errors for stage w and momentum p with various number of cells are presented in Table 4 . For this third case, Figure 3 shows the debris avalanche consisting of stage w and momentum p at time t = 15 using Method B with 800 cells. Movies of the simulations using Method B are given in the supplementary files dam-break.avi 1 , avalanche-frictionless.avi 2 , and avalanche-friction.avi According to Tables 2-4 , as the cell length is halved, the errors produced by the fvms are halved. This suggests that we have only first order of convergence, even though we used second order methods. The reason is that a large error occurs around the front wave at the wet/dry interface; this is called the wet/dry interface problem. This problem was also identified in the simulations of Mangeney et al. [5] . Diffusion is also found around the tail wave, but it is not as significant as that around the wet/dry interface. Based on Tables 2-4 , the error produced by Method B is slightly smaller than the 
Conclusions
We used a Saint-Venant approach in the standard Cartesian coordinate system to solve the debris avalanche problem. The drawback of this approach is that the solution is not physically valid for a very steep sloping topography. Future research is to seek a better approach to solve the debris avalanche problem analytically and to find a numerical technique that can be used to resolve the wet/dry interfaces accurately. Our analytical solution might help in developing a numerical scheme to resolve the solution at these interfaces. 
